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Flexural Rigidity of a Liquid Surface

Joseph B. Keller! and Gregory J. Merchant?
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The energy of a mass of liquid is evaluated asymptotically in powers of the
range of the intermolecular potential divided by a typical dimension of the
liquid. The leading term is the internal energy, proportional to the liquid
volume. The second term is the energy of surface tension, proportional to the
area of the liquid surface. The third term is proportional to an integral over this
surface of the square of the mean curvature of the surface minus one-third of its
Gaussian curvature. This new term has exactly the form of the bending energy
of a thin elastic plate. Comparing it with the bending energy yields expressions
for the flexural rigidity and the Poisson ratio of the liquid surface. This flexural
rigidity of the surface leads to new terms in the equation of equilibrium of the
liquid surface, in addition to the usual surface tension terms.
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1. INTRODUCTION

The macroscopic theory of surface ténsion is based upon the assumption
that a liquid surface behaves mechanically like an isotropic elastic mem-
brane with a constant tension ¢. This tension manifests itself as a force per
unit length normal to any curve in the surface, or equivalently as an energy
per unit area of the surface. From cither of these characterizations, the
effect of surface tension on the equations of motion or on the equations of
equilibrium of a surface can be deduced. Since the work of Young'? and
Laplace® in 1805 it has been known that this macroscopic theory can be
derived from a molecular theory. That theory yields an expression for the
coefficient of surface tension ¢ in terms of intermolecular potentials.

! Departments of Mathematics and Mechanical Engineering, Stanford University, Stanford,
California 94305.

2 Department of Mathematics, Stanford University, Stanford, California 94305.
1039

0022-4715/91/0600-1039806.50/0 © 1991 Plenum Publishing Corporation



1040 Keiler and Merchant

From the same molecular theory we shall show that a liquid surface
also behaves mechanically like an elastic plate with a constant flexural
rigidity D. This flexural rigidity is manifested in moments which oppose
bending of the interface, or equivalently in an energy per unit area of
surface proportional to the square of the mean curvature minus one-third
of the Gaussian curvature of the surface. The flexural rigidity leads to extra
terms in the equation governing the motion or the equilibrium of a surface.
The theory yields an expression for D in terms of the intermolecular
potentials and also determines the Poisson ratio of the surface.

The energy of bending is smaller than the energy associated with
surface tension by the square of the ratio of the scale length of the
intermolecular potential to a radius of curvature of the surface. Therefore
it is relatively unimportant except where the radius of curvature is small,
as it may be near a contact line, in small droplets, etc.

2. MOLECULAR THEORY OF SURFACE ENERGY

Young') and Laplace® showed that the surface tension results from
the different intermolecular forces acting from the two sides on molecules
at or near an interface. To describe this phenomenon quantitatively it is
convenient to consider the energy of the substances on the two sides of the
interface in thermal equilibrium. Let us call them substances 1 and 2, and
let them occupy regions D, and D,, respectively, separated by a surface
S,

From a molecular point of view, the distribution of the molecules of
the two substances is described by p{”(x, y), the two-particle density of
molecules of types i and j at x and y, respectively, and the corresponding
one-particle densities p,(x) and p,(y). We assume that far from the
interface in region D;, p;(x) tends to the constant value p{, and pP(x, y)
tends to (p7)’g.(|x — yl/e), while for j#1i, p,, p;, and p; all tend to zero.
Hence g,(|x— yl/e) is the radial distribution function of substance i.

Let ¢ ’¢,(|x—y|/e) be the intermolecular potential between a
molecule of substance i at x and a molecule of substance j at y with ¢
denoting the range of the potential. Then for ;# j the total interaction
energy of i with j is given by

Vi].:a—SjD ij5,.2>(x, ») @(1x = yije) dx dy (1)

Here D=D,u D,. By setting i=j in (1) we obtain V;, which is twice the
energy of interaction of molecules of / with each other. In addition, let there
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be an external potential U;(x) of a molecule of substance i at position x.
Then the total external potential energy V., of substance i is

Vi=| pU(x) dx )
D,
Thus E, the total interaction energy of the two substances with themselves

and with each other, plus the external potential energy, is

E=

4

V,+

1

2
> Vi 3)
ij=1

N | —

“MN

We shall evaluate E asymptotically for ¢ small compared to the dimen-
sions of the regions D;. To do so, we use a typical dimension / of D, as the
unit of length, and then ¢,(r/s) becomes ¢, [(r/I)(e/l)=¢,(r'/¢'), where
r"=r/l and ¢ =¢/l. Now we omit the primes and (1)-(3) are unchanged,
but ¢ denotes the ratio of the range of the intermolecular potential to /.
Thus our goal is to evaluate E(¢) for ¢ small.

In order to obtain the result in the simplest way, without unnecessary
complications, we shall make an approximation to p{? analogous to that
which was suggested by Green® for i=j, and which has been used by
Berry.™ Tt is to write

pP(x, ) =pi(x) p,(¥) g;(1x — yl/e) (4a)
where
0
(P for xeD,

”"(x)_{o for x¢D, (40)

With this approximation ¥; and ¥, become
Vy=e [ [ 00008, (lx— yl/e) oyllx— yije) dx dy (5)

D, YD,
V,=| p0U.(x)dx (6)
D,

Next we assume that ¢, (r/e) tends to zero so rapidly as r increases

that the first few moments of ¢, exist. We denote the kth moment of
k

pip) 0, (r) g;(r) by ¢y» which is given by

§=000) | P, g, dr ™
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Now we rewrite V,; by integrating x over all of R® and subtracting the
integral over R®—

Vime [ [ (007 oullx— Vo) gullx— yife) dx dy

_8—3J jﬁ (00 @ullx—yl/e) gullx— yife) dxdy  (8)

The integral over x in the first term is just the constant 4n¢}. Therefore the
y integration yields the volume v, of D;. Thus, (8) becomes

Vamdmodl—e 2 [ [ (00 pullx—yife) gullx— ylje) ey (9)

D, VR3—D,

We observe that the integrand in (9) differs appreciably from zero only
when both x and y are near the interface between D, and R>—D,.
Therefore we can anticipate that the leading term in the expansion of the
integral will be proportional to the area of the interface. Similarly the
leading term in the integral in (5) will be proportional to the area of the
interface S, between D, and D,.

We have evaluated these integrals asymptotically in powers of ¢, for ¢
small (see the Appendix for some of the details). The simplest results are
obtained when the interfaces are smooth, without edges or corners, and
with all their dimensions of order unity. Then from (5) we obtain

Vi=engl| da+eZ el (—H2+S dA + 0(e*) (10)
I sy 8"V Js, 3

Here S is the surface separating D, and D,, H is the mean curvature of Sy,
and K is its Gaussian curvature. Similarly from (9) we get

Vii:4nvi¢g—sn¢}if dA—s3g¢?iJ (—Hz+§>dA+0(£4) (1
Sii Su

We now combine the terms associated with the interface S, which

occur in ¥y, V;, and V. This yields the energy associated with S;. Then

E, the part of E assomated with the volumes v; and v; and with §, but not

[]’
with other interfaces, is given by
E=| p0Uix)de+ [ p0U, () dy+2n(0if+0,65)
i 7

_ El - g2 4
azyijLUdA 16sy ( H+,3(>dA+0(e) (12)
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Here 7% is defined by
V=05t 95— 26y (13)

The third integral on the right side of (12) is proportional to the area of

S;. and the coefficient of proportionality is the surface tension o;. It is
given by
en £
0y=7 vh=7 45+ 4}~ 26}) (14)

This result for o, is essentially that of Fowler.*>% A more accurate calcula-
tion of ¢, without the approximation (4), was made by Kirkwood and
Buff” and Buff.®)

The last integral on the right-hand side of (12) is proportional to the
integral of the square of the mean curvature minus one-third of the
Gayssian curvature. The potential energy of bending of a thin elastic plate
is given by the similar integral®

f §[4H2—2(1—V)K] dA (15)

Here v is the Poisson ratio of the plate material and D is its flexural
rigidity:

2 ER
T3 (1—v?)

(16)

The plate thickness is 4 and Young’s modulus of the material is E.
Comparison of the last integral in (12) with (15) shows that they become
identical if v and D are defined by

(17a)

<
i
(PSR

Dy= 32

2= ( 1+ 65— 203) (17b)
Thus, in addition to behaving like a membrane with respect to stretching,
a liquid surface or interface also behaves like a thin elastic plate with
respect to bending.

To supplement the asymptotic expansion of E given by (12), we shall
now evaluate E exactly when S, is a sphere of radius R with substance 1
inside it and substance 2 outside. We assume the outer boundary of D, is
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far from S,, and we shall not include the energy associated with it. First
we shall evaluate the potential /7(y) at any point y in region D, due to the
particles inside the sphere. It is given by

0,.0.2

(1 y)) = pip;r ou(r) g;(r)dr

J(IyI+R)/s

(Iyl —R)fe

(I + R)/e

0.0.,3
-7 pip;itr @yr)g,(r)dr
1yl Lm—R)/s soTER ey

n(|y|2—R2) Uyl +RYe
- pip,rp;(r) g,;(r)dr (18)
elyl ‘f(iylfR)/E PrTRaT) 8y

where |y| = R is measured from the center of the sphere. This expression
reduces to that of Rayleigh"® when |y| =
The energy associated with the sphere of radius R is now given by

E=3[E +En+2E,]+V 4V, (19a)

where

En=dmw, | (00 rou(r) gulr)dr—dn | ITy(r)r*dr (19b)
Ey = dmo, jow (p2) Pa(r) dr — dn JR Mo(r)r dr (19¢)
E12_4nj M,y(r)r? dr (19d)

Upon using (18) in (19) and evaluating the integrals, we obtain an exact
expression for the energy of a sphere of radius R containing substance 1
surrounded by medium 2. It is

E=V +V,+2n{v,4%,(2R/e) + v,4%,(2R/e)}
- 2n2R2{¢}1(2R/s) +¢32(2R/e) — 2¢1,(2R/e) }
*n°/6){ 471 (2R/e) + ¢3,(2R/e) — 267,(2R/z) }
+2n(vz——vl {#9,(0) — $2,(2R/e)} 20)

where

$5(T) = plp) LT "oy (r) glr) dr (21)
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If ¢ is much smaller than the radius of curvature of the interface, then
2R/e> 1 and (20) can be simplified. Then it agrees with our asymptotic
result (12) when the two radii of curvature are taken equal, so that
H=1/R, K=1/R? and the surface area of the sphere is 47R>

Fowler and Guggenheim® used a similar method to calculate the
energy of a planar liquid-vapor interface.

3. EQUATION FOR THE INTERFACE

At low temperature an equilibrium configuration of the two substances
considered in Section 2 is a configuration that minimizes the total energy
E. The configuration is constrained to have a specified mass p%, of
substance i, for i=1, 2. Since the p? are given constants, it follows that
vol D;, the volume of the domain D;, must have the specified value v,.
Therefore the interface S; between the domains D; and D, must be such
that the energy F is minimized among all pairs of domains with

vol D, =v,, i=1,2 (22)

To find the interface S; we introduce the Langrange multipliers 4; and
consider the functional

2
E+ ) 2i(volD,—v,) (23)

1=1

Then we use in (23) the asymptotic expansion (12) for E. Next we vary S,
in the resulting expression and we obtain the Euler equation

piUi(x)_ij](x)+2n( 2‘"‘¢0)

il

3
&
+8ny}jH+1—gy?j{AsH+2H3—2HK}=/"L,—/1j (24)

Here 4, is the surface Laplacian. The variation of (23) with respect to 4,
yields (22). These equations (22) and (24) for S, and the A, must be
supplemented by suitable boundary conditions where S, meets a solid
boundary.

To derive the boundary conditions, we reconsider (23) without
expanding the V;; and V. Instead we derive the Euler equation for S
directly from (23) using the exact expression (1) for V; and (9) for V.
In this way we obtain

822/63/5-6-16
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PRU) —pRU )+ [ (0D 0ullx = y1fe) gullx = i) dy
—o [ 02 0yl sife) (1 i) dy
67 [ 000u(lr— Vo) (1 i) dy

—e? fD p2pL @, (1x— ylfe) g(1x — yl/e) dy=1J,— 1, (25)

This expression holds right up to any solid boundary or other interface
which intersects S;. Therefore it can be used to derive boundary conditions
for (24), such as the contact angle condition, by including in U,(x) the
potential due to the solid boundary.

Away from solid boundaries or intersection points, (25) can be
simplified by asymptotically evaluating the integrals in it. The expansion of
the typical integral in (25) is given by

27 | p00foy(lx— yife) gy (1x— yl/e) dy
=m0+ meg H + T’% 3 {4, H +2H? —2HK} + O(s*)  (26)

When (26) is used in (25), it yields the result (24) again. This consistency
is a verification of the correctness of the various asymptotic and variational
calculations.

We conclude by noting that the exact equation for the interface S is
the integral equation (25). When expanded for ¢ small, at points away from
solid boundaries and intersections, it yields the differential equation (24).
By matching the solution of this differential equation to the solution of the
initegral equation valid near a solid boundary or a line of intersection,
boundary conditions for the differential equation can be obtained.

The differential equation (24) contains the usual surface tension term,
the external potential term, and new terms of order &*. These new terms
raise the order of the equation to fourth order, so that additional boundary
conditions are needed beyond the usual contact angle condition. They can
be found by higher-order matching of the solutions of the integral equation
and the differential equation.

When the surface S, is a sphere of radius R, then H= R™! and
K=R"2 s0 A, H=0 and 2H*>—2HK=0. In this case the terms of order
¢> in (24) vanish. This example has a bearing on an argument of
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Rayleigh."” He calculated the pressure in a spherical cavity of arbitrary
radius R exactly, without assuming that R is small compared to & His
procedure was just that which we used in the previous section to evaluate
the energy of a spherical surface. Then he expanded the pressure for R large
compared to g and showed that there was no term of order R in the
result. He pointed out that a calculation of Fuchs"! which yields a term
of order R > “does not appear to harmonize” with this result. We see that
there are such additional terms in (24) for a general surface, but that they
just cancel out for a spherical surface. Apparently Fuch’s terms of order
R did not vanish in this case.

4. CONCLUSION

We have shown that the energy of the surface of a substance or of the
interface between two substances contains a bending energy contribution.
Thus the surface or interface has a flexural rigidity. It is determined in
terms of the intermolecular potentials and the radial distribution functions
of the substances on one side of the surface or on the two sides of the inter-
face. The Poisson ratio of the surface or interface is shown to be 1/3. The
flexural rigidity also leads to an additional term of fourth order in the
equation of equilibrium of the surface or interface. Therefore another
boundary condition is needed in addition to the contact angle condition. A
method for determining that condition from an “exact” integral equation
for the surface or interface has been proposed.

APPENDIX

The asymptotic evaluation of the integrals apprearing in Egs. (5) and
(26) is simplified by choosing coordinates that lie on the interface. Consider
a surface X(u, v), where u and v are surface parameters, with the unit
normal n(x, v). Then any point x near the surface can be parametrized by
u, v, and 7, where

x=X(u, v)+ tn(y, v) (A.1)

Now X,, X,, and n are linearly independent vectors with their first
fundamental form coefficients given by'?

E=X,-X,, G=X,-X,, F=X,X, (A.2)

We choose # and v such that X, and X, lie in principal directions of
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curvature. Then they are orthogonal (F=0) and the Weingarten equations
reduce to

nu+klxu=0
n,,-l-kzx,}:()

(A.3)

Here k, and k, are the principal normal curvatures at (i, v).
Now we consider the integral appearing in (5), namely

Vy=e [ | otefoslx—yie g, (x—ylje)drdy  (Ad)
We write
H(|x~ y*/e*) = plp] @, (1x — yl/e) g(1x — yl/fe) (A.5)
Next we let
y=X(, v")+t'n(t, v) (A.6)
lie in the region D, below the surface X(u, v) and
x=X(u, v) + rn(u, v) (A.7)
lie in the region D, above the surface. Then (A.4) becomes

V,-j=8’3fmwdujw dvj:)dtjoo du’ﬁO dv’JO dt’

— — — o0 —

x H(|x — yI?*/e?) J(u, v, £) J(u', ', 1) (A-8)
Here J(u, v, t) 1s the Jacobian of the transformation, given by
J(u, v, t)=[1—2H(u, v)t + *K(u, v) (EG)'? (A9)

while H= (k, +k,)/2 and K=k k, are the mean and Gaussian curvatures,

respectively.

To simplify the integral (A.8), we note that the integrand differs from
zero only when both x and y are near the interface X(u, v). Therefore we
introduce the new scaled independent variables 7, 1/, ¢, and o, defined by

t=er, t'=et, U=u+eo,, v'=v+¢0, (A.10)

Then we expand all the terms appearing in the integrand in (A.8) in powers
of e. This calculation in straightforward, but quite involved, and is easily
automated using a symbolic manipulation package. We write the result as

Vy=¢el + &1, + eI, + 0(e*) (A.11)
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For I, we get

Ilzjw dujjo dvﬁ dr'fio dolfjo dazfowdr

X EGH#(01E+ 035G+ (t —1')%) (A.12a)

Upon integrating over ¢, and ag,, we find that 7, simplifies to
0 0 oo
1, =2nj dAf rdrf df'f de #(P+(t—7'))  (A.12b)
Sy 0 — o0 0

By introducing the new variables a=t— 1" and b =741’ we can write [,
as

0 —a

L=n] dAfwrdrj da| A +a?)db (A13)
Sy 0
Integrating over both a and b gives the final result

L= jm P dr | ad (A.14)

0 Sy

In a similar way, after integrating over ¢, and o,, we get for I,,

dAj:rdrfo

— 00

I,= ~—4nj

Sy

dr'jw &

0

X2H(t + ) 2#(r* + (t— )+ H(r* + (t— 1))’} (A15)

The integrand in (A.15) is odd in (t+1'), so I, =0.
For I,, after integrating over ¢,,0,,1, and 7/, and integrating by
parts, we get

© 1 7 1
I3=andAj0 }’Sdr%(r2){~§H2+2_4K—T8

y E5+G§+E0GU+EuGu E, G, (AL6)
E’G EG’' G’E ' E*G EG EG '

The last term in the integrand can be reduced to 4K by using Gauss’s
theorema egregium'? relating the Gaussian curvature to £ and G, namely,

1 [ao/ E o/ G,
TR Ktz A 7= 1 IR
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Then (A.16) becomes

=5 [ rayar | (~raT)as (A18)

To calculate the integral apprearing in (26), namely
e | pPoyoy(lx— yife) gy(1x— yi/e) dy
—o7 [ A (x— ) dy (A19)
D
the precedure is similar. In surface coordinates the integral becomes
27 | p000wy (15— y1/e) gy(1x — yi/e) dy

=8‘3j00 dujoo dvfo d[;fﬂx—yiz/ﬁz)-j(% v, [) (AZO)

Again it is straightforward to expand the integral as before, but we must
keep one more term. The algebra becomes quite complicated, so we will
not present it. To simplify the final result, we use the following expression
for the surface Laplacian:

1 o ( GP 0 ([ E®,
A.b= = GO DR e ,
o=l (won) w6
We also use the compatability conditions satisfied by the parameters u
and v,

(n-X,.),=HE, (A.22a)
(n-X,,), = HG, (A.22b)
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